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I. Introduction

O RBIT determination algorithms based on the minimum
variance (or Kalman) filter provide unbiased position and

velocity estimates when sensor measurements contain only random
errors. TheKalman filter covariancematrix is usually consistent with
the bias-free estimation error statistics, indicating good covariance
fidelity, when random error statistics are accurately characterized.
However, sensor measurements often contain unmodeled static and
dynamic measurement biases, or low-frequency systematic errors,
that cause biases in the position and velocity estimates. In this
situation, the Kalman filter covariance usually underestimates the
error statistics, indicating poor covariance fidelity, because the
measurement bias statistics are not characterized during the filtering
process.

Covariancefidelity is important for correlation and fusion of tracks
provided by multiple sensors [1,2]. Optimistic covariances often
cause failures in track-to-track association because covariance
uncertainty regions do not overlap. Covariance fidelity may be
improved by direct estimation (and removal) of bias parameters in the
system dynamics, in the measurements, or in both [3–8]. Depending
on the number of bias parameters, algorithms that jointly estimate
bias parameters with position and velocity states are computationally
intensive, and the system covariance matrix can become numerically
ill conditioned, especially when the bias states are poorly observable.

Covariance inflation is a simpler alternative to joint bias esti-
mation. As its description suggests, the uncertainty region is
increased (inflated) using mathematical models that approximate the
measurement bias effect on position and velocity estimates, thereby
improving chances for successful track-to-track association.
However, a posteriori covariance inflation does not characterize
state-bias correlations that occur during the filtering process.

A bias characterization filter, which is an application of the
Schmidt–Kalman filter [9–11], improves covariance fidelity in the
presence of sensor measurement biases. As it explicitly models
biases in the estimation process, its covariance matrix is more
consistent with the statistics of the biased errors in the estimates
comparedwith an extendedKalman filter covariance. It is shown that
the bias characterization filter provides the most consistent filter
covariance, or best covariance fidelity, compared with several
excursions in the Kalman filter, including elevated measurement
noise, velocity process noise, and a posteriori covariance inflation.

Although similar to considering filtering techniques [12,13], bias
characterization is optimal, whereas the former is not.

This Note is organized as follows. A nonlinear bias character-
ization filter with measurement biases is formulated (Sec. II). Radar
measurement and bias models are provided for orbit determination
(Sec. III). Nonlinear prediction models for the state, bias, and
covariances are formulated from the radar models (Sec. IV). The
recursive filter is initialized with an iterated batch filter version of the
same algorithm (Sec. V). Satellite orbit determination accuracy and
covariance fidelity are demonstrated using Monte Carlo simulations
(Sec.VI). Conclusions regarding estimation accuracy and covariance
fidelity are provided (Sec. VII).

II. Nonlinear Bias Characterization Filter
with Measurement Biases

Unlike a Kalman filter, a bias characterization filter models the
effects of measurement biases on state estimates and covariances. A
concise derivation of the linear minimum variance filter is provided
in the Appendix. In this section, the linear minimum variance filter is
generalized to nonlinear problems in the same manner as the
extended Kalman filter. Nonlinear expectations are approximated by
the lowest-order terms of a series expansion about the current state
estimate. Filter estimates and covariances are iterated to improve
nonlinear estimation accuracy and covariance fidelity.

For orbit determination, the state vector xn at time tn has six state
variables consisting of the components of the Earth-centered inertial
(ECI) position rn and inertial velocity vn of the orbiting object:

x n �
rn
vn

� �
; rn �

x�tn�
y�tn�
z�tn�

" #
; vn �

_x�tn�
_y�tn�
_z�tn�

" #

As sensor measurements yn � h�xn� �M�xn�bn � �n are pro-
vided in sensor (not inertial) coordinates, the measurement function
h�xn�, its partial derivative matrix C�xn� � @hn=@xTn , and the bias
sensitivitymatrixM�xn� are nonlinear functions ofxn. Bias errorsbn
and random measurement errors �n are approximated by additive
zero-mean uncorrelated Gaussian random variables Efbn�Tng � 0
with variances Bn � EfbnbTng and Rn � Ef�n�Tng, respectively.
These variances can depend on time and, possibly, on the state. These
measurement functions and variances are very application-specific
(refer to Sec. III for examples).

The random errors �n and bn fluctuate on different time scales.
Sensor noise �n fluctuates randomly with each measurement, as in
the case of radar thermal noise. Bias errors bn fluctuate more slowly,
as in the case of a constant attitude reference bias or a slowly varying
tropospheric refraction bias. The statistical properties of the biases
change over different data collection periods: from hour to hour, day
to day, etc.

A nonlinear bias characterization filter with six state variables is
denoted by BCF(6). In addition to the state-error covariance
Pn � Ef�xn�xTng, BCF(6) has a state-bias covariance matrix Sn�
Ef�xnbTng, because state and bias errors are usually correlated. The
prior state estimate �xn is updated with the measurement residual "n:

x̂ n � �xn � Kn"n

" n � yn � �yn � yn � h� �xn�

Asbn is not estimated, the prior measurement estimate �yn does not
include a prior bias estimate. The gain matrix Kn and measurement
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residuals covarianceNn depend on two prior covariances: �Pn, and �Sn
(refer to the Appendix for a derivation):

Kn � LTnN�1n Ln � �Pn �Cn � �Sn �Mn

Nn � �Cn �Pn �C
T
n � �MnBn �MT

n � Rn � �Cn �Sn �MT
n � �Mn

�STn �CTn

where �Cn � C� �xn� and �Mn �M� �xn�. The prior covariances are
updated using:

P̂ n � �Pn � KnLn � �KnLn�T � KnNnKTn

Ŝ n � �I � Kn �Cn� �Sn � Kn �MnBn

Linear filtering theory predicts that P̂n should decrease as more
measurements are processed. In many nonlinear applications, the
Monte Carlo statistics of the errors in the state estimates are

inconsistent with P̂n. Usually, P̂n is optimistic, meaning that it under-
estimates the estimation error statistics. Iteration of the estimates and
covariances canmitigate filter nonlinearities and improve covariance
fidelity. When filter states are sufficiently observable, iteration of the
estimates has been shown to approximate a maximum-likelihood
estimate using a Gauss–Newton iteration technique [14]. Perform-
ance simulations indicate that not more than two or three iterations
are needed.

III. Radar Measurement and Bias Models

Phased-array radars provide accurate three-dimensional position
measurements in radar range and angle coordinates. Distance (or
time delay) is measured relative to the radar, and directional (or
angle) measurements are reported in Cartesian radar-face coor-
dinates. These measurements are transformed to ECI coordinates
using radar navigation and attitude reference data. For radars on
moving platforms, the position, velocity, orientation, and angular
rate of the radar array are provided by a strapdown inertial navigation
system (INS) mounted on the radar face. Before a mission, the INS is
erected to local vertical and aligned north using a conventional
gyrocompassing alignment procedure. Radar and INSmeasurements
contain biases as follows.

A phased-array radar using a linear FM (chirp) waveform
measures a linear combination �m � �� �RD _� of range distance �
and range rate _�. The range-Doppler coupling time �RD depends on
radar center frequency, pulse length, chirp bandwidth, and chirp
polarity [15]. As �RD is known,� and _� could bemeasured directly by
transmitting two virtually simultaneous pulses with positive and
negative �RD values. Alternatively, range and range rate can be
determined by filtering �m. Range-Doppler radars can also measure
Doppler shift, from which _� can be determined, but these radars are
not considered here.

Radar angle measurements, which are determined using
monopulse techniques [16], provide azimuthal and vertical direction
cosines u and v, respectively, of the unit line-of-sight (LOS) vector
�F measured in Cartesian radar-face coordinates:

� F � �w u v �T

w�
������������������������
1 � u2 � v2

p
wherew is specified by j�Fj � 1. Amechanical control system steers
the radar array in azimuth and elevation to maintain an orbiting
satellite within a few degrees of radar boresight, and an electronic
steering control system centers the radar beam on the object. It
follows that w � 1, u� v� 0, when the LOS is at radar boresight,
and 0<w < 1 otherwise.

Prior estimates ��, �_�, �u, and �v are determined by transforming the
prior state estimate �x from ECI to radar-face coordinates using INS
data. The transformation Rs�As; Ls� from ECI to topocentric east-
north-up (ENU) coordinates involves the radar right ascension and

latitude: As and Ls. The transformation R��; �;  � from ENU to
radar-face coordinates depends on a yaw angle measured from the
east in the local horizontal plane, a pitch angle � measured up from
the local horizontal to the radar boresight, and a roll angle�measured
around the radar boresight. The INS orientation angles  , �, and �
contain biases. Horizontal (north-pointing) misalignments cause a
yaw bias � , whereas vertical misalignments cause a pitch bias ��
and a roll bias ��.

In radar-face spherical coordinates, the radar measurement y is
corrupted by an additive measurement bias and random errors:

y �
�� �RD _�

u
v

2
4

3
5� ��

�u
�v

2
4

3
5� �

The range bias �� and angle biases, �u and �v, are modeled by
static and dynamic error components in radar-face coordinates (to be
discussed shortly). Zero-mean Gaussian random errors � have a
diagonal measurement noise matrix R:

R� Ef��Tg � diagf �2��� _� �2u �2v g

where ���� _� is comparable to the navigation bias, and �u and �v are
comparable to the orientation biases. It is important that y is inde-
pendent of the INS orientation biases.

Static or time-invariant biases include constant biases ��B, �uB,
and �vB, scale factor biases ��, �u, and �v, multiplying the respective
measurements, and a clock error �’ measured around the radar
boresight. Constant biases are usually removed during the
premission radar calibration process. Although scale factor and
clock-error biases can cause significant u and v biases at large scan
angles from the boresight, these errors may be neglected when the
radar LOS is near boresight, corresponding to u, v	 0. As static
biases can be neglected for the reasons stated, the radar measurement
biases are dominated by the dynamic biases.

Dynamic bias errors arise primarily from electromagnetic ray
propagation through the troposphere. Tropospheric propagation
causes delays in the round-trip travel time and angular refraction
errors that fluctuatewith LOS elevation � and with local atmospheric
conditions along the radar path to a satellite [17–19]. Although
refraction errors can be compensated with tropospheric models,
residual (or uncompensated) delays cause range errors ��, and
residual angular refraction errors cause errors �� and �	 in LOS
elevation � and azimuth 	. Dynamic bias errors may be expressed in
matrix form [8]:

��
�u
�v

2
4

3
5���1R��; �;  ����; �; 	���

��� � �� �	 �� �T

���; �; 	� �
cos � sin	 � cos � cos	 �� sin � sin	
cos � cos	 �� cos � sin	 �� sin � cos	

sin � 0 � cos �

2
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w ��u=w ��v=w
u � 0
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Radar measurement biases �� are modeled by a linear first-order
vector Markov process with a variable time constant �A and zero-
mean Gaussian disturbance input �f:

d

dt
���� � 1

�A
��� 1

�A
�f
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Ef�fg � 03; Ef�f�fTg � diagf q� q	 q� g

Although �f� 0 for state prediction, constant variances q�, q	, and
q� (refer to Table 1)may be interpreted as process noise commands to
the Markov bias covariance model. The Markov time constant �A
varies with LOS elevation �, with elevation rate _�, and with the
elevation-dependent refraction error "��� and its elevation gradient
(refer to Fig. 1):

�A ��"���=� _�d"=d��

As d"=d� < 0, stable error dynamics (�A > 0) occur with increasing
elevation ( _� > 0), and unstable error dynamics (�A < 0) occur with
decreasing elevation ( _� < 0). As �A is undefined at peak elevation
( _� � 0), a maximum j�Aj value (1000 s) is assigned to avoid
singularities.

Orientation biases ��� � � �� �� �T fluctuate as the radar
array (onwhich the INS is mounted) follows the satellite trajectory in
elevation and azimuth. Differential equations may be derived by
linearization of the Euler equations specifying the angular rates [8]:

d

dt
���� � ���; ����� I�1�!s

I �1��; �� � 1

cos �

0 sin� cos�
0 � cos � cos� cos � sin�
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" #
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� tan �I�1
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cos �

0 cos� � sin�
0 cos � sin� cos � cos�
0 � sin � cos� sin � sin�
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where!s is the Earth-relative angular rate in radar-face coordinates.
The angular rate bias �!s is a zero-mean Gaussian random vector:

Ef�!sg � 03; Ef�!s�!Ts g �
q! 0 0

0 q! 0

0 0 q!

2
4

3
5

where process noise statistics for the misalignment biases are
provided in Table 1.

The prior estimate of the measurement is specified by:

�y �
��� �RD �_�

�u
�v

2
4

3
5�M� �x;  ; �; �� � ��

� ��

� �

M�x;  ; �; �� � ��J
 ��1R��; #;  ����; �; 	� �

The measurement sensitivity matrix is determined by partial
differentiations of the bias-free prior measurement function with
respect to the orbit state variables:

C�x� � @��� �RD _�; u; v�
@�x; y; z; _x; _y; _z�

Partial derivatives are selected from the appropriate rows and
columns of the 4 
 3 Jacobian transformation matrices:

@��;w; u; v�
@�x; y; z� �

@� _�; _w; _u; _v�
@� _x; _y; _z�

�
�TFR��; #;  �Rs�As; Ls�

1
�
�I3 � �F�TF�R��; #;  �Rs�As; Ls�

" #

Elements of the orientation bias sensitivity matrix

J
 � @��� �RD _�; u; v�=@� ; �; ��

are selected from the appropriate rows of the 4 
 3 Jacobian matrix:

@��� �RD _�;w; u; v�
@� ; �; �� � � 1

2
�� cos2�� �� 0 �
���F�I��; ��

� �

I ��; �� �
sin � 0 1

cos � sin� � cos� 0

cos � cos� sin� 0

2
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where ���� is the skew-symmetric rotation matrix. Orientation
biases cause second-order range corrections, because �� is projected
onto a misaligned unit LOS direction. As range is independent of
orientation to the first order, this second-order term is always
negative [i.e., because it is analogous to a cos��� � 1 term]. This
second-order term provides mathematical observability of the
orientation biases for bias estimation, but it has a negligible effect on
estimation accuracy unless highly precise range measurements are

available. The J
� �� term is subtracted† (rather than added) in order

that �y be independent of � �� before computation of the measurement
residual [8].

IV. Prediction Models for Bias Characterization Filter

Estimates and covariances are generated using a sequential
prediction and correction process. In this section, nonlinear filter
prediction models are formulated for orbit and bias states. At the first
update, initial conditions for the state and covariance are provided by
a batch filter (refer to Sec. V).

At altitudes above 500 km, where drag is not important, orbital
motion is described by

dr

dt
� v

dv

dt
���e

r2

�
r

r
� 3J2R

2
e

2r2

��
5z2

r2
� 1

�
r

r
� 2z

r
Ẑ

��
� rU

where �e, Re, and Ẑ are the Earth’s gravitational parameter,
equatorial radius, and unit-polar axis, respectively, and time
derivatives are taken with respect to the ECI frame. The dominant
gravitational accelerations arise from the central inverse-square
gravity field and from Earth oblateness (modeled by the J2 coef-
ficient). As each higher-order zonal or tesseral harmonic term of the
geopotential function U is O�J22�, the higher-order disturbing
acceleration rU is, at most, 15–20 �g at orbital altitudes of 700 km,
depending on the geographic location of the subsatellite point. For
short data collection and prediction intervals (e.g., 1000 s), rU may
be neglected. Prediction equations for the state-error covariance are
given by

†Equivalently, this term could be added to y instead (because it is otherwise
independent of orientation biases) when the measurement residual is formed.
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where the gravity-gradient matrix �g is complete toO�J2�. After the
first update with the batch filter, initial conditions for state and

covariance predictions are provided by theBCF(6) updates x̂n and P̂n
(refer to Sec. II). Process noise is not included in the state prediction
equations. Instead, process noise will be included in the bias
covariance prediction model as follows.

The bias-state vector b includes orientation biases and radar
measurement biases, discussed in the previous section:

b � ���t�
���t�

� �
; ���

� 
��
��

2
4

3
5; ���

��
�	
��

2
4

3
5

Prediction equations for the bias states and bias covariance are given
by

db

dt
� FBb

dB

dt
� FBB� BFTB �GBQBG

T
B

FB �
���; �� O3

O3 �I3=�A

� �

GB �
I�1 O3

O3 I3=�A

� �

QB � diagf q! q! q! q� q	 q� g

where zero-mean process noise is not modeled in the prediction of b.
Process noiseQB is included in the covariance prediction of B (refer

to Table 1). As b and B are characterized but not updated, initial
conditions for the bias state and covariance are provided by the prior
bias and covariance from the previous integration step. Zero initial
conditions are assumed, except for the INS misalignment com-
ponents of B (refer to Table 2).

The prediction equation for the bias-state correlation covariance
matrix is given by

dS

dt
� FS� SFTB

After the first update with the batch filter, initial conditions are

provided by the BCF(6) update Ŝn (refer to Sec. II).

V. Iterated Batch Filter for Initialization

The recursive BCF(6) may be initialized using measurements
collected over the time interval tn 2 �t0; tN �. An initial prior state

estimate �x0 and covariance �P0 may be determined with a polynomial
batch filter having locally linear dynamics in the measurement
variables. The smoothed measurement estimates and covariance are

transformed to �x0 and �P0 using coordinate transformations and
kinematic models. A zero initial condition is assumed for the state-

bias covariance ( �S0 � 0), because the state and bias errors are
initially uncorrelated. Estimates and covariances are predicted to the
current measurement time tn using a nonlinear prediction model:

�x n ��� �x0; tn � t0� �x0

�P n ��� �x0; tn � t0� �P0�
T� �x0; tn � t0�

�S n ��� �x0; tn � t0� �S0�T�tn � t0�

An analytic solution for the nonlinear state-transition matrix� exists
for Keplerian orbits [20]. For higher-order gravity models, � is the
solution of the following matrix-differential equation:

d�

dt
� F�x��; ��0� � I6

which is coupled to the state prediction equation because F depends
on the state (Sec. IV). Similarly, the bias transition matrix � is the
solution of another matrix-differential equation:

d�

dt
� FB��; �; �A��; ��0� � I6

where FB depends on the radar orientation angles � and �, and the
(time dependent) Markov time constant �A for tropospheric effects
(Fig. 1). At time tn, the transition matrix solutions�� �x0; tn � t0� and
��tn � t0� are explicit functions of elapsed time tn � t0 and the prior
initial state �x0, and they are implicit functions of auxiliary parameters
for the tropospheric model.

A weighted least-squares estimate x̂0 is generated at the sensor
acquisition time t0 using

x̂ 0 � �x0 �
�X

n

�GTnN�1n Gn�
��1X

n

GTnN
�1
n "n

" n � yn � h� �xn�

Nn �Gn �P0G
T
n � Gn �S0FTn � Fn �ST0GTn � FnB0F

T
n � Rn

where the observability gramian matricesGn andFn are specified by

Gn � �Cn�� �x0; tn � t0�

Fn � �Mn��tn � t0�

Table 1 Tropospheric and angular velocity bias process noise models

Bias process noise source Symbol Value

Tropospheric range delay bias q� �2:5 m�2
Tropospheric azimuth refraction bias q	 �250 �rad�2
Tropospheric elevation refraction bias q� �500 �rad�2
INS angular velocity process noise (each axis) q! �0:5 �rad=s�2

Table 2 INS misalignment statistics

Description Symbol Value

Initial uncertainty in yaw alignment � �0� 150 �rad
Initial uncertainty in pitch alignment ���0� 80 �rad
Initial uncertainty in roll alignment ���0� 80 �rad
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In these equations, summations are taken over all associated mea-

surements, and the measurement sensitivity matrices �Cn � C� �xn�
and �Mn �M� �xn�were given earlier (Sec. III). The covariance update
may be expressed in matrix form:

P̂0 �
�X

n

�GTnN�1n Gn�
��1�X

n

GTnN
�1
n �FnB0F

T
n

� Rn�N�1n Gn
��X

n

�GTnN�1n Gn�
��1

P̂0 is not explicitly dependent on the prior covariance �P0. Rather, �P0

is implicit in the diagonal elements of W because the residuals

covariance Nn depends on �P0.
Estimation accuracy and covariance fidelity may be improved by

iterating the weighted least-squares estimate and covariance in a
similar fashion as the recursive process (Sec. II). On each iteration,
the nonlinear measurement functions are evaluated with improved
estimates. Simulations suggest that no more than three to five
iterations are needed and that measurements should be collected for
at least 10–15 s (at 1Hz data rate) for proper covariance conditioning.

Fig. 1 Markov (absolute) time constant for clear air tropospheric disturbances.

Fig. 2 Elevation measurement biases caused by uncompensated clear air tropospheric refraction (no weather effects). Real-time calibration models

typically correct 90–95% of the error, leaving 5–10% residual (or uncompensated) errors (3�).
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VI. Orbit Determination Accuracy
and Covariance Fidelity

BCF(6) performance is demonstrated by the Monte Carlo
simulation. A ground-based tracking radar provides 20 dB signal-to-
noise ratio on a spherical satellite in a near-circular orbit with altitude
1500 km. As the satellite traverses the sky, the phased array rotates in
azimuth and elevation in order to maintain the satellite at or near the
radar boresight. Radar position, velocity, orientation, and angular
rate are provided by an INS mounted on the phased array, near
boresight. For high range and angle resolution radars, radar mea-
surement and INSmisalignment biases dominate orbit determination
accuracies.

Radar range and angle biases arise from uncompensated tropo-
spheric refraction errors. Real-time corrections to range and ele-
vation are usually computed using in situ measurements of pressure,
temperature, and relative humidity. However, these corrections
remove all but 5 to 10% (3�) of the total refraction errors, leaving
residual measurement biases. In clear air environments (no weather
effects), tropospheric elevation errors scale with elevation, and the
largest errors occur at low elevations (below 5
; refer to Fig. 2).

In weather environments, clouds can cause time-dependent
refraction errors in range, azimuth, and elevation ��w�
� ��w �	w ��w �T . These disturbances are modeled by colored
noise, or by Gauss–Markov random processes with time constant �w
and zero-mean forcing function �fw:

d

dt
���w� �

1

�w
��w �

1

�w
�fw

Ef�fwg � 03; Ef�fw�fTwg � diagf ~q� ~q	� ~q	� g

Numerical values of the Gauss–Markov parameters are provided in
Table 3.

Covariance histories of the weather disturbances, based on the
preceding Gauss–Markov model, and the INS misalignment biases
are shown in Fig. 3. INS misalignments are based on the linearized
Euler equations and the bias initial condition statistics provided in
Table 2. Although ensemble (e.g., day to day) 1� bias statistics do not
fluctuate significantly during a satellite pass, single-trial misalign-
ment errors can fluctuate significantly as the radar boresight follows
the satellite across the sky (not shown).

Random and bias measurement errors were randomized in the
Monte Carlo analysis. Clear air refraction errors are modeled by
random scale factors on the elevation profile in Fig. 2. Weather
refraction errors are modeled by a Gauss–Markov random process,
with parameters and statistics given in Table 3. INS misalignments
are modeled as random initial conditions, with statistics provided in
Table 2. Although orbit parameters were not randomized, filter initial
conditions were randomly generated by processing the randomly
corrupted radar measurements with the iterated batch filter discussed
in Sec. V. This approach assures good consistency of the initial errors
in the estimates and filter covariances, as the results will indicate.

As biases are not actively estimated or corrected, the 1�
Monte Carlo position and velocity error statistics versus truth are
nearly the same for the BCF(6) filter (Fig. 4) and the corresponding
extended Kalman filter, or EKF(6) (Fig. 5). Angular errors cause
orbit determination errors in position and velocity. Crossrange
position (relative to the LOS) errors scalewith the product of satellite
range and angle error, whereas crossrange velocity errors scale with
the product of range rate and angle error. As radar measurements are
taken in a rotating antenna frame, Coriolis effects cause range rate
errors that scale with the product of satellite range, angle error, and
LOS angular rate.

Tropospheric delay and angular refraction errors are most pro-
nounced at low elevations (below 5
), occurring early and late in the
track. These errors are most pronounced early in the track when the
filter gains are highest. The filter has better disturbance rejection late

Table 3 Gauss–Markov tropospheric weather disturbance model

Description Symbol Value

Gauss–Markov time constant �w 50 s
Range variance ~q� �5 m�2
Azimuth and elevation variances ~q	� �500 �rad�2

Fig. 3 1� Bias statistics for Gauss–Markov tropospheric weathermodel (top row) and inertial navigation systemmisalignments (bottom row) based on

100 Monte Carlo trials.
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in the track, after the filter gains have diminished. Although INS
angular misalignments are always present, their effects becomemore
evident at higher elevations (above 20
) during the midtrack interval,
when the tropospheric effects are diminished.

As expected, the BCF(6) covariance is muchmore consistent with
its estimation error statistics (Fig. 4), indicating that this filter
provides much better estimates of its own errors than EKF(6).
Baseline EKF(6) covariances grossly underestimate theMonte Carlo

Fig. 4 Bias characterization filter 1� estimation errors vs truth (irregular lines) and covariance traces (smooth lines) based on 100 Monte Carlo trials

(baseline Kalman filter covariance traces shown by dashed lines).

Fig. 5 Baseline extended Kalman filter 1� estimation errors vs truth (irregular lines) and covariance traces (smooth lines) based on 100 Monte Carlo

trials.
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error statistics by at least an order of magnitude (dashed line in
Fig. 4).

Several excursions of the baseline EKF(6) parameterswere tried in
order to improve covariance fidelity (Fig. 6). Elevated levels of range
and angle measurement noise are relatively ineffective. This should
not be surprising, because Kalman filters are designed to attenuate
random measurement errors, and the noise-inflated covariance
attenuates quickly after filter initiation. Nonzero velocity process
noise improves velocity covariance, but position covariance remains
optimistic. It is interesting that process noise, which usually com-
pensates for unmodeled accelerations, emulates an unmodeled
sensor bias error’s effect on velocity accuracy. Finally, sensor bias
models can be used for a posteriori covariance inflation. Covariances
are successfully inflated early in the track, but covariance fidelity
degrades by the end of track. As it does not model the interaction of
the filtering process with the sensor bias, covariance inflation cannot
and does not properlymodel the disturbance rejection response of the
filter to the tropospheric bias. Consequently, the inflated covariances
trend upward at both ends of the track.

BCF(6) provides the most reliable orbit determination accuracy,
showing that it has excellent covariance fidelity. Surprisingly,
process noise can be selectively tuned to emulate the effects of sensor
bias, but this approach is only effective in postmission analysis (after
the fact). For real-time implementation in missile defense scenarios,
many factors must be taken into consideration, such as observation
geometry. With BCF(6), physics-based models of the bias and bias
statistics successfully capture these complicated interactions.

VII. Conclusions

BCF(6) improves covariance fidelity in the presence of sensor
measurement biases. As it explicitly models biases in the estimation
process, the BCF(6) covariance matrix is more consistent with the
statistics of the biased errors in the estimates compared with the
extended Kalman filter, or EKF(6), covariance matrix, which does
not have bias characterization.

MonteCarlo simulations of a radar orbit determinationwith sensor
biases show that the baseline EKF(6) covariance can be optimistic
by an order of magnitude compared with the BCF(6) covariance.

Several ad hoc techniques for improvement of the EKF(6) covariance
fidelity are not effective or suitable for real-time implementation. For
example, velocity process noise, if properly tuned after the fact, can
improve EKF(6) velocity covariance, but position covariances are
significantly mismatched. Process noise tuning is more suitable for
postmission reconstruction. Covariance inflation improves position
and velocity covariance fidelity early in the track, but fidelity
degrades after extended periods in the track. Finally, elevated levels
of measurement noise covariance are ineffective because bias errors
cannot be modeled as random errors. For example, EKF(6)
attenuates random errors but not sensor bias errors.

Bias characterization is clearly themost effective real-timemethod
for improvement of covariance fidelity. Physics-basedmodels for the
bias and bias statistics properly account for sensor biases in the
filtering process, whereas other methods do not. Consequently, bias
characterization is suitable for correlation and fusion of tracks
provided bymultiple sensors, and it is suitable for battlemanagement
and weapon access decisions that require reliable real-time track
accuracy.

Appendix: Derivation of Linear
Minimum Variance Filter

A concise derivation is presented of the linear, minimum variance
filter gainK, using thematrices defined in Sec. II. Following Schmidt
[10], an optimal state estimate x̂ is a linear function of the prior
estimate �x and the measurement such that x̂� �x� K�y � �y�.
Following substitution of y � Cx�Mb� � and �y � C �x, the error
in the optimal estimate may be expressed by �x̂� �I � KC�� �x�
KMb� K�. The expectation of the product �x̂�x̂T yields the

following relationship between P̂ and K:

P̂� �I � KC� �P�I � KC�T � �I � KC� �S�KM�T

� KM �ST�I � KC�T � K�MBMT � R�KT

where the random error is uncorrelated with the bias and with the
prior error in the estimate, such that Efb�Tg � Ef� �x�Tg � 0. The
preceding covariance may be expressed in the concise form

Fig. 6 1� covariance traces for measurement noise inflation, velocity process noise, and a posteriori covariance inflation (labeled solid curves) are
compared with baseline Kalman filter (dashed curve) and bias characterization filter (chain dashed curve).
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P̂� �P � KL � �KL�T � KNKT , where

N � C �PCT �MBMT � R� C �SMT �M �STCT

and L� C �P�M �ST . The optimal gain minimizes trfP̂g, such that

@

@K
�trfP̂g� � @

@K
��trfKLg � trf�KL�Tg � trfKNKTg� � 2KN

� 2LT � 0

Partial derivatives of the trace terms are specified bymatrix identities
given in Table 4. It follows that optimal gain is specified by
K � LTN�1.
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Table 4 Partial derivatives of scalars with respect to gain matrix

Matrix identity Restrictions

@f
@K
�

@f=@K11 � � � @f=@K1m

..

. ..
. ..

.

@f=@Kn1 � � � @f=@Knm

2
64

3
75

Scalar f
n 
mMatrix K

@
@K
�trfKLg� � @

@K
�trfLTKTg� � LT

n 
 nMatrix KL

@
@K
�trfKNKTg� � 2KN

n 
 n Symmetric matrix N � NT
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